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Abstract 

One may ask which maps between Hilbert modules allow for a completely positive ex- 
tension to a map acting block-wise between the associated (extended) linking algebras. In 
these notes we investigate in particular those of such CP -extendable maps whose 22-corner 
is a homomorphism, the CP-H-extendable maps. We show that they coincide with the maps 
considered by Asadi IIAsa09 l. by Bhat, Ramesh, and Sumesh [BRS12J, and by Skeide 
BSkelOII . We also give an intrinsic characterization that generalizes the characterization 
by Abbaspour and Skeide IIAS07II of homomorphicly extendable maps as those which are 
ternary homomorphisms. For general strictly CP-extendable maps we give a factorization 
theorem that generalizes those of Asadi, of Bhat, Ramesh, and Sumesh, and of Skeide for 
CP-H-extendable maps. As an application, we examine semigroups of CP-H-extendable 
maps, so-called CPH-semigroups, and illustrate their relation with a sort of generalized 
dilation of CP-semigroups, CPH-dilations . 



1 Introduction 

Let r: S ^ C be a linear map between C*-algebras S and C. A T-map is map T : E ^ F from 
a Hilbert S-module £ to a Hilbert C-module F such that 

{T(x),T(x')) = T({x,x')). (*) 

After several publications about r-maps where r was required to be a homomorphism (for in- 
stance, Bakic and Guljas IIBG02L Skeide llSke06bH . Abbaspour Tabadkan and Skeide [IAS07II \ 
and others where r was required to be just a CP- map (for instance, Asadi [|Asa09L Bhat, 
Ramesh, and Sumesh nBRS12ll . Skeide HSkelOU ). we think it is now time to determine the 
general structure of r-maps. We also think it is time to, finally, give some idea what r-maps 
might be good for. While we succeed completely with our first task for bounded r, we hope that 

*AMS 2000 subject classification 46L08, 46L55, 46L53, 60G25 
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our small application in connection with dilations of CP-semigroups can provide some better 
feeling about these maps. 

Now, if a map T fulfills Q for some linear map r, then T is linear. (Simply examine 
\T{x + Ax') - T(x) - AT(x')\^.) Furthermore, if r is bounded, then, obviously, T is bounded 



with norm ||r|| < VlMl- As easily, one checks that the inflation Tn : MniE) M„{F) of T (that 
is, T acting element-wise on the matrix) is a T„-map for the inflation t„ : M„{S) M„{C) of 
T. (Recall that M„(E) is a Hilbert M„(S)-module with inner product {{X, Y))jj := Jji,{xki, ytj)-) 
Therefore, ||r„|| < ^^\\¥J\. 

A map T fulfilling (t*D (and, therefore, also t„) "looks" positive. (In fact, at least positive 
elements of the form (x, x) are sent to the positive elements {T(x), T(x)).) More precisely, it 
looks positive on the ideal span(£', E). It is not difficult to show (see Lemma [Z81) that bounded 
T is, actually, positive on the range ideal Se '■= span(£', E) of E. Since the same is true also 
for T„, we see that r is completely positive (or CP) on S^. Recall that for CP-maps r we have 
llrJI = llrll. 

We arrive at our first new result. 

1.1 Theorem. Let T.E F be a map from a full Hilbert S-module E (that is, Se = S) 
to a Hilbert C-module F, and let t: IB ^ C be a bounded linear map. IfTa T-map, then t 
is completely positive. Moreover, T is linear and completely bounded with CB-norm \\T\\^i, := 

supj|r„||= ^M. 



The only missing part, namely, that the CB-norm ||r||^/^ actually reaches its bound VikIL we 
prove in Lemma [2.13[ 

It is, in general, not true that = ||r||, not even if S and C are unitalH It is true, if E 
has a unit vector ^ (that is, ^) = 1); see Observation [27T21 

1.2 Example. Let H 4^ {0} be a Hilbert space with ONB (e,),.g^. For E we choose the full Hilbert 
X(//)-module H* (with inner product {x'\x*) := x'x*). For F we choose H. So, S = %(H) and 
C = C. Let r be the transpose map with respect to the ONB. That is, T sends the "row vector" 
= Z( in E to the "column vector" x = {x')' = 2; ^i^i in F. Of course, ||r|| = 1. 
A linear map r: %{H) C turning T into a r-map, would send to T{{e*,e*)) = 
{T(e*),T{e*)) = {ei,ej) = 6ij. So, on the finite-rank operators 3^{H) the map r is bound to 
be the (non-normalized) trace Tr := Recall that ||Tr|| = dim//. This shows several 

things: 

1. Suppose H is infinite-dimensional. Then t cannot be bounded. Since positive maps are 
bounded, there cannot be whatsoever positive map r turning T into a r-map. (Of course. 



'^1 This contradicts the proposition in Asadi IIAsa09l . 
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we can extend t = Tr by brute-force linear algebra from 3^(E) to %(E), so that T is still a 
T-map with unbounded and non-positive r.) 



2. Suppose H is n-dimensional (so that, in particular, %{H) = M„ is unital). The column 
vector X*" in H*" with entries el,..., el has square modulus {X*'\X*") = YIU ete*. So, 



= ^/^*|| = 1- However, the norm of the column vector 7" with entries 

T{e\) = ei, . . . , r«) = en is ^JT^U(^ = yfJi. Since M„(//*) D M„,i(//*) = we 
find lirilcfo > > V"- Oil the other hand, by the discussion preceding Theorem II .![ 
Iiril,, < ^ = V^. Therefore, ||r|L,, = V^, while ||r|| = 1 ^ ||r||,, for n > 2. 

Whenever Se is unital, r is bounded (and, therefore, completely bounded) on Se = span(£', E); 
see again Observation 12 .121 

To summarize: If E is full and if r is bounded, then CP is automatic. And if E is full over 
a unital C* -algebra, then we have not even to require that r is bounded, assuming it coincides 
with the unique bounded extension of r \ span(£', E). On the other hand, some of the questions 
we wish to tackle, have nice answers for CP-maps r, even if E is not full. And r-maps T (into 
the Hilbert S(G)-module F = S(G, H)) for completely positive r (into C = S(G)) is also what 
Asadi started analyzing in [|Asa09L So, after these considerations, for the rest of these notes t 
will always be a CP- map. 



A basic task of these notes is to characterize r-maps for CP-maps r. More precisely, we wish to 
find criteria that tell us when a map T: E ^ F ha r-map for some CP-map t without knowing 
T, just by looking at T. 

The case, when a possible r is required to be a homomorphism has been resolved by Ab- 
baspour Tabadkan and Skeide [IAS07L (In this case, T has been called T-homomorphism in 
Bakic and Guljas [IBG02II or a T-isometry.) For full E, [|AS07[ Theorem 2.1] asserts: T is a 
T-isometry for some homomorphism r if and only if T is linear and fulfills 

T(x(y,z)) = T{x){T{y),T{z)), 

that is, if r is a ternary homomorphism]^ (Ternary homomorphisms into S(G, //) (G and H 
Hilbert spaces) occurred under the name representation of a Hilbert module (and the unneces- 
sary hypothesis of complete boundedness) in Skeide HSkeOOL ) Another equivalent criterion is 
that T extends as a homomorphism acting block-wise between the linking algebras of E and of 
F. (This follows simply by applying [|AS07[ Theorem 2.1] also to the ternary homomorphism 



I''^ We should emphasize that, unHke stated in flASOTI . hnearity of T cannot be dropped. The map T: £ — > C 
defined as T(x) = 1 is a counter example. Indeed, without linearity, the map t - ip defined in the proof of IIAS07I 
Theorem 2. 1] is a well-defined multiplicative *-map; but it may fail to be linear. 
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T* \ E* ^ F* from the full Hilbert X(£)-module E* to the full Hilbert X(F)-module F* de- 
fined as T*{x*) := T{xy, resulting in a homomorphism : X{E) %{F) so that the block-wise 
map 



V r 




'<B E* ' 


(C F* ' 


T &^ 




E %{E)^ 


[f %{F)^ 



is a homomorphism.) We would call such maps H-extendable . 

It is always a good idea to look at properties of Hilbert modules in terms of properties 
of their linking algebras. (For instance, Skeide HSkeOOH defined a Hilbert module E over a 
von Neumann algebra to be a von Neumann module if its extended linking algebra is a von 
Neumann algebra in a canonically associated representation. This happens if and only if E is 
self-dual, that is, if £ is a V7*-module.) Likewise, it is a good idea to look at properties of maps 
between Hilbert modules in terms of how they may be extended to block-wise maps between 
their linking algebras. (For instance, many maps between von Neumann modules are cr-weakly 
continuous if and only if they allow for a normal (that is, order continuous) block-wise extension 
to a map between the linking algebras.) In addition to the usual linking algebra ^f^^J = 
of a Hilbert S-module E, it is sometimes useful to look at the reduced linking algebra j^^^J 
or at the extended linking algebra (® j^f'^J. It would be tempting to see if r-maps are precisely 
the CP-extendable maps, that is, maps that allow for some block-wise CP-extension between 
some sort of linking algebras. Unfortunately, this is not so: There are more CP-extendable maps 
than T-maps; see Section [2l We, therefore, strongly object to use the name CP-maps between 
Hilbert modules as meaning r-maps, which was proposed recently by several authors; see, for 
instance, Heo and Ji HHJllH . or Joita IIJoil2L 

But if CP-extendable is not the right condition, what is the right condition? And what is the 
right "intrinsic condition" replacing the ternary condition for r-isometries? As a main result of 
these notes, in Section[2]we proof the following theorem. 

1.3 Theorem. Let E be a full Hilbert IB-module and let F be a Hilbert C-module. Let T . E ^ 
F be a linear map and denote Fj := span T(E)C. Then the following conditions are equivalent: 

L There exists a (unique) CP -map t: IB ^ C such that T is a T-map. 

2. T extends to a block-wise CP -map 'J' = ) : [fj b^f , >) where -& is a homomor- 
phism, that is, T is a CP-H-extendable map . 

3. T is a completely bounded map and Ft can be turned into a 'B"{E)-C- correspondence 
in such a way that T is left 'B''(E)-lineaK 

4. T is a completely bounded map fulfilling 

{T(y),T{x{x',y'))) = {T{x'{x,y)),T(y')). {**) 



4 



A more readable version of is 

{T{y),T(xx'*y')) = {T(x'x*y),T(y')). 

This quaternary condition is the intrinsic condition we were seeking, and which generalizes 
the ternary condition guaranteeing that T is r-isometry. 



1.4 Observation. 1. The homomorphism ?^ in Q coincides with the left action in ([3]); see 
the proof of @ => @ in Section [21 

2. Since the set T{E) generates the Hilbert C-module Ft, the left action in ([3]) (and, con- 
sequently, also in Q) is uniquely determined by {xy*)T(z) = T{xy*z). In fact, this 
formula shows that the finite-rank operators 3^iE) act nondegenerately on Fj, so there is 
a unique extension to all of 'B"(E). Moreover, this unique extension is strict and unital; 
see the proof of Lemma [3711 

3. It is routine to show that well-defines a nondegenerate action of 3^iE). So, the same 
argument also shows that Q and (0]) are equivalent. 

4. Clearly, Example ll.2[ fTI) shows that the condition on T to be completely bounded in ([3]) 
and (|4l), may not be dropped. However, if E is full over a unital C*-algebra, then T just 
linearis suflicient; see again Observation 12. 121 . 



1.5 Remark. It should be noted that the CP-map r in Q need not coincide with the map r in 
(dl) making T a r-map. (Just add an arbitrary CP-map S ^ C to the latter.) Likewise, having a 
CP-extension T with a non-homomorphic 22-comer does not necessarily mean that it is not 
possible to get a CP-H-extension by modifying {}. 

1.6 Remark. Unlike for r-isometries, for more general r-maps the homomorphism ?9 in Q 
will only rarely map the compacts X(E) into the compacts %{Ft). So, in ^ it is forced that we 
pass to the extended linking algebras. Also considerations about the strict topology cannot be 
avoided completely. 

1.7 Remark. We already know that a r-map T is linear, so linearity of T may be dropped from 
(dl)- We know from the example in Footnote |[b]| that linearity may not be dropped from dU, 



not even if T fulfills the stronger ternary condition. Linearity may be dropped from (|3]), if E 
contains a unit vector ^ (or, more generally, a direct summand S), for in that case we have 
T(x) = T{x^*^) = {x^*)T{^), which is linear in x. However, unlike in Observation 1 1 .4P1) . we 
were not even able to safe the statement for unital S. 
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The property in ([3]) is almost visible from a glance at In fact, we try to assign a value 
{T(x), T{x')) to the element {x, x') 6 = O £. (Here E* is the dual Hilbert S"(£)-module 
of E with inner product {x'*,x*) := x'x*, and the tensor product is over the canonical left action 
of 'B'^{E) on E.) It is clear that the map {x, x') ^ {T{x), T{x')) has to be balanced over 'B"{E) if 
there should exist r fulfilling ([*]). And if there was a suitable left action of 'B>"{E) on Fj, then 
we would be concerned with the map r := T*OT. People knowing the module Haagerup tensor 
product of operator modules and Blecher's result llBle97[ Theorem 4.3] that the Haagerup tensor 
product is (completely) isometrically isomorphic to the tensor product of correspondences, can 
already smell that everything is fine. We shall give a direct proof in Section [2l Actually, our 
method will provide us with a quick proof of Blecher's result. 

• • • 

We have seen in Theorem 11.31 that the submodule Fj of F generated by T(E) plays a distin- 
guished role. (If r is a r-isometry, then T{E) is already a closed T(S)-submodule of F.) But 
we may ask in how far the condition in ^ remains true if we write F instead of Fj. 

1.8 Definition. A CPH-map from £ to F is a map that extends as a block-wise CP-map be- 
tween the extended linking algebras of E and of F such that the 22-corner is a homomorphism. 
A CPH-map is strictly CPH if that homomorphism can be chosen strict. A (strictly) CPH-map 
is a (strictly) CPHo-map if the homomorphism & can be chosen unital. 

CPH-maps are CP-H-extendable (Lemma 12.71) . If Ft is complemented in F, then T is a 
CPH-map if and only if it is CP-H-extendable. (In that case, 'B"{Ft) is a comer of 'S>"{F), so 
that § may be considered a map into 'B'^^F).) But this condition is not at all necessary, nor 
natural; see Section HI 

Despite the fact that there are fewer CPH-maps than CP-H-extendable maps, looking at 
CPH-maps is particularly crucial if we wish to look a semigroups of CP-H-extendable maps 
on E. Obviously, for full E, the associated CP-maps t, form a CP-semigroup. But there is no 
chance to ask the same question for the homomorphisms if the d^t do not map into !B ''(£'). 
And if Ej, is not complemented in E, then, in general, it is not possible to grant that {^s can be 
considered a map defined on 'B''(Et,) in order to make sense out of -fis ° '&t- 

In Section |4] we study such CPH-semigroups . We introduce the new concept of CPH- 
dilation of a CP- map or a CP-semigroup. We examine its relations with the theory of ten- 
sor product systems of correspondences initiated Bhat and Skeide IBSOOl (following Arveson 
[|Arv89ll for Hilbert spaces). And we point out some relations with (completely positive defi- 
nite) CPD-kernels and with Morita equivalence . This section is, however, not intended to be 
much more than a hint that CPH-maps might be useful. Still, to our knowledge, it is the first 
such hint. 
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2 Proof of Theorem 



1.3 



Equivalence of[3]and|4]has already been dealt with in Observation 1 1.41 For the remaining steps 
we shall follow the order [T] => [2] => O => [1] Since we also wish to make comments on the 
mechanisms of some steps or how parts of the proof are applicable in more general situations, 
we put each of the steps into an own subsection and indicate by "■" where the part specific to 
Theorem 11.31 ends . 

In Section [3l we present an alternative direct proof of [2l=> [B which avoids using arguments 
originating in operator spaces as involved the proof [3] => \T\ 



Proof!] ^121 

We first consider the case where S and C are unital, but without requiring that E is full. So let 
r: S ^ C be a CP-map between unital C* -algebras, and let T: E ^ F he a r-map from an 
arbitrary Hilbert S-module £ to a Hilbert C-module F. 

By Paschke's GNS-construction IIPas73ll for t, we get a pair (3", ^) consisting of GNS- 
correspondence 3" from S to C and cyclic vector ^ in 5" such that 

<^,0 = r, ipMS^C = J. 

One easily verifies that the map 

xQi^ ^ T{x) 

defines an isometry v: EqJ^F. (It maps x O (Z7^c) = {{xb) O to T{xb)c.) In other words, 
T factors as T = v{» O ^). (We just have reproduced the simple proof of the "only if" direction 
of the theorem in Skeide IISkelOL ) 



Now, V is obviously a unitary onto Fj := span T{E)C. So -& := v{» id3-)y* defines a (unital 
and strict) homomorphism 'B"{E) 'B''{Ft). Identifying 5" with S"(C, 9^) via y: c yc and 
identifying S O 3" with 3^ via bQy ^ by, we may define a map 



Obviously, the map T := S*(« O idg-)S from the extended linking algebra of E into the extended 
linking algebra of Ft is completely positive. One easily verifies that 



T = 



T T' 

T 1? 



where T*{x*) := T{xy . This proves [T]=> [2] for unital C*-algebras but not necessarily full E. 

Now suppose S is not necessarily unital. (Nonunital C may always be "repaired" by appro- 
priate use of approximate units.) The following is folklore. 
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2.1 Lemma. Ifr: S ^ C is a CP-map, then the map r: !B ^ C between the unitalizations of 
S and C, defined by 

TlS := T, 7(1) := llrllT, 

is a CP-map, too. 

Proof. Denote hy 6: S ^ C the unique character vanishing on S, and choose a contractive 
approximate unit (M^)^g/^ for S. Then the maps 

ta := t(u*i • ua) + (||r|| 1 - t{u\ua))5 

are CP-maps (as sum of CP-maps) and converge pointwise to T. Therefore, T is a CP-map, 
too. ■ 

Now, E and F are also modules over the unitalizations, and T is a T-map, too. Since in the 
first part E was not required full, we may apply the result and get a CP-map 7 that, obviously, 
restricts to the desired CP-map 7. This concludes the proof[I]=>[2l ■ 

2.2 Observation. Obviously, the proof shows that the conclusion[T]=> [2]holds in general, even 
if E is not full: All r-maps are CP-H-extendable. 

2.3 Observation. Adding the obvious statement that for each S-C-correspondence 3" and for 
each vector ^ e 3", an isometry v: Eq3^ ^ F gives rise to a r-map T : = v{»QQ for the CP-map 
T := •^), we also get the "if" direction of the theorem in HSkelOI . For this it is not necessary 
that 5" is the GNS-correspondence of r. This observation provides us with many CPH-maps. It 
also plays a role Section HI 

2.4 Remark. The theorem in Skeide HSkelOl is the last and most general version of a result, 
first, stated by Asadi IIAsa09ll for unital CP-maps into C = S(G) and T mapping into F = 
'B(G,H) (G and H Hilbert spaces) under the extra condition that T(^)T{^y = idf for some 
^ & E and, then, proved by Bhat, Ramesh, and Sumesh [IBRS12II (without the extra condition 
and for S still unital, but r non necessarily unital). 

Prooflll^lll 

Let T : E F be a map from a Hilbert S-modules £ to a Hilbert C-module F. Define the 
map T* : X* i-^ T{x)* , and put Fj := span T(E)C. Suppose we find a CP-map r: S ^ C and a 
homomorphism &: 'B>\E) ^ S"(Fr) such that T := (; ^'j: f j;J ^ ^^^^ is a CP-map. So, 
in partucular, T is a CB-map. 
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2.5 Lemma. Let S : S ^ C be a CP-map between C* -algebras S and C. Suppose c S 
is a C*-subalgebra of S with unit 1^ such that the restriction -& := S I of S to is a 
homomorphism. Then 

S{ba) = S(bl^)&ia), S{ab) = &ia)S(l^b) 

for all b £ S and a e Ji. 



Proof. Assume that S and C are unital. (Otherwise, unitalize as explained in Lemma [XT] and 
observe that also the unitalization S fulfills the hypotheses for J?l c S with the same i?. If the 
statement is true for S , then so it is for S = S I B.) 

Let (5", Q denote the GNS construction for S . By the stated properties, one easily verifies 
that \a^ - \^^i}{a)\^ = 0, so, a^ = l^^&(a) for all a e Jl. The first equation of the lemma 
follows by computing 5 = ba0, and the second by taking its adjoint. ■ 

By applying Lemma [231 to the CP-map 1: J^^j (^^ ^i^jl^j with the subalgebra Jl = 

(o s"(J 3 (o idj = we get 

T(ax) Qj ~ [[Qaj[xOj) ~ [o tKa)) [x Qj ~ [&(a)T(x) 

thus T(ax) = &(a)T(x) for all ;c G £ and a e 'B"(E). This proves|2]^[3l 



2.6 Observation. Also here we did not require that E is full. So [2] => [3] is true for all CP-H- 
extendable maps. 

Eff'ectively, for the conclusion T{ax) = &{a)T(a), we did not even need that T maps into the 
linking algebra of Fj. The conclusion remains true for all CPH-maps, so that for a CPH-map 
the subspace Fj of F reduces 

2.7 Corollary. A CPH-map T : E ^ F is CP-H-extendable. 

This also follows via CPH => [3] => [U => |2l as soon as we have completed the step [3] => [IJ 



Proofs^ [I 

Given T and a left action of 'S>"{E) on Fj such that aT{x) = T{ax), our scope is to define r by 
O. So, in this part it is essential that E is full. Our job will be to show that the hypotheses of [31 
which showed already to be necessary, are also sufficient. 

As mentioned in the introduction, in the case S = Se = E* O E, the map r, if it exists, 
appears to be the map 

S = E*QE F* QF = Of c C. 



9 



Note that, since FjQFj c F* O F isometrically, it does not matter if we start as in [3] with 
the hypothesis that Ft is a correspondence making T left S"(£')-linear, or with the hypothesis 
that F itself is a correspondence making T left S''(£')-linear. (Also strictness does not play any 
role here.) So, let F be a !B''(£')-C-correspondence such that T is left S''(£')-linear. Likewise, 
r*:=*oro*isa right S"(£')-linear map for the corresponding !B''(£')-module structures of 
E* and F*. So, T* O T, indeed, defines a linear map from the algebraic tensor product E* OE 
over "B^iE) into F* O F. And by Lance [|Lan95[ Proposition 4.5], we have E* QE = span<£', E) 
as subset of E* Q E = S. 

Once T : E* QE C is bounded (for the norm of the internal tensor product E* Q E on 
E* OE <z E* O E), Theorem 1 1 . 1 1 as serts that the extension to S = E* O E is completely positive. 
It is time now, to insert the missing piece in the proof of that theorem, which we still owe the 
reader. 

2.8 Lemma. Let t: S ^ C be a bounded linear map fulfilling © for some map T : E ^ F. 
Then r is positive on Se- 

Proof. We already said that T being a r-map, also T„ is a r, -map. Similarly, T" : E" ^ F" is a 
T-map itself. Let us choose a bounded approximate unit (m^)^^^ for Se consisting of elements 
ua = Tj"=i(^f^y'i) s ^E- Defining the elements X,i 6 E"-* with entries xf and, similarly, Y,i, we 
get u^ = (X^, y,}). For any positive element bb* in Se, denote by a^ e X(£'"^) the positive square 
root of the rank-one operator X^Z?^?*^* = (X^Z7)(X^Z7)*. Then 

T{u\bb*UA) = T({aAY,,a,Y,)) = {T"'{aAYAT"\a,Y,)) > 0. 

Since u*^bb*UA bb* in norm, and since r is bounded, we get T{bb*) > 0. ■ 

So it remains to show that r is bounded on E* O E. Care is in place, however, as in several 
respects, T* OT is not just the usual tensoring of S''(£')-linear maps on internal tensor products 
of correspondences. Firstly, T is left linear but, in general, not bilinear. (If T was bilinear, it was 
a T-isometry.) Secondly, F* is a Banach right !B"(£')-module for which T* is right !B''(£')-linear, 
but F* is not a Hilbert !B''(£')-module. So, thirdly, F* O F is not an internal tensor product over 
'B"{E). 

The proof of boundedness can be done by appealing to the module Haagerup tensor product 
and Blecher's result [|Ble97l Theorem 4.3] that the internal tensor product of correspondences is 
completely isometricly the same as their module Haagerup tensor product. (Indeed, the univer- 
sal property of the module Haagerup tensor product guarantees that the map T*QT between the 
module Haagerup tensor norms on the tensor products E* QE and F* OF over 'B''(E) is com- 
pletely bounded with ||r* O T\\,i, < \\T*\\,i, \\T\U. The Haagerup seminorm on F*®F with amal- 
gamation over 23 ''(£'), which is homomorphic to a subset of 3"(F), is bigger than the Haagerup 



10 



seminorm with amalgamation over "B^iF). So, together with Blecher's result we get that the 
CB-norm of r as map between the internal tensor products is not bigger than IIT^IIc*-) But 

we prefer to give a direct independent proof. 

n n 

Let M = Z ^* 0?/( = Z yi) 6 E* OE = span(£', E). For the elements X" and Y" in E" with 

i=l i=l 

entries x,- and respectively, this reads u = {X", Y"). We get {T* O T)iu) = {T"{X"), T"iY")). 
Consequently, 

ll(ror)(M)ii = \\{r\x"),r\Y"))\\ < iirip||x"iiiirii < iiri|2,iix"iii|y"ii. 

If, for any e > 0, we can find X^ and Y^ in such that (X^, Y^) = u and ||Xe|| ||ye|| < ||m|| + s, 
then we obtain 

\\{rQT){u)\\ < iirii^,iix,iii|yj| < \\t\\],{\\u\\ + s), 

and further ||r* O r|| < by letting e ^ 0. 

For showing that this is possible, we recall the following well-known result. (See, for in- 
stance. Lance l|Lan95l Lemma 4.4].) 

2.9 Lemma. For every element x in a Hilbert S-module E and for every a e (0,1) there is an 
element Wa & E such that x = Wa \x\". 

The proof in nLan95ll shows that Wa can be chosen in the Hilbert C*(I;cI)-module xC*{\x\), 
which is isomorphic to C*(|x|) via x^ \x\. Since \x\" is strictly positive in the C*-algebra C*(|jc|), 
the element Wa e xC*{\x\) is unique and, obviously, when represented in C*(|x|) it is Wa = Ix]^'"- 

2.10 Corollary. Let E be a Hilbert S-module and let F be a iB-C-correspondence. Choose 
X e E, y e F and put u := xQ y. Then for every s > 0, there exist Xe & E and ys ^ F such that 

O i/e = M and 

\\xs\\\\yE\\<\\u\\+s, 
that is, \\x O y\\ = inf{ \\y'\\ : x' e E,y' e F, x' Q y' = x Q y]. 

Proof. We have u = xQy = WaQ \x\" y so that 

O"— > 1 

^ \\wa\\ II Ul y\\ ^ 1 • II kl II = IUoj/II = ||m||, 

since I|ifQ,|| = sup^g^on^n] '^^'^ ~ 1, and since \x\" converges in norm to \x\. ■ 

With the proof of this corollary we did not only conclude the proof of [3]=> [B but also the 
proof of Theorem 11.31 ■ 

2.11 Corollary [Ble97 , Theorem 4.3]. The internal tensor product norm ofueEoFis 

\\u\\ = inf| ||X„|| lir'll : neN,X„e E,„ Y" 6 F\ X„QY" = u}, (2.1) 
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with the row space En := Min(E) and the internal tensor product X„ O 7" over Mn(!B). That 
is, the internal tensor product norm coincides with the module Haagerup tensor product norm 
(which defined by (12.11) ). Moreover, since Mn(EQF) is isomorphic to the internal tensor product 
M„{E) O Mn{F), the internal tensor product is completely isometricly isomorphic to the module 
Haagerup tensor product. 

After this digression on the Haagerup tensor product, let us return to maps fulfilling [31 
However, we weaken the conditions a bit. Firstly, we replace Ft with F, so that now F is 
a S'^(£')-C-correspondence fulfilling T{ax) = aT{x) =: ■&{a)x. We still may define the map 
T* OT on E* QE = span(£', E), and if T is CB, everything goes as before. Secondly, we wish 
to weaken the boundedness condition on T. We know from Example 1 1.2 1 that if is nonunital, 
the CB-condition is indispensable. So, suppose that E is full and that S = is unital. 

2.12 Observation. In the prescribed situation, suppose E has a unit vector ^. In that case, 
T := r* O r is defined on all S = <^,^)S c span E*QE c S. Since T(b*b) = T{b*{^,^)b) = 
{{T{^b),T{^b)) is positive, r is bounded by ||t(1)||. From T{x) = T{x{^,^)) = ix^*)T{^), we 
conclude that \\T(x)f < \\x\f ||t(1)||. (This is the same trick in Remark [L7] that allowed to show 
that a map T : E ^ F fulfilling |3] without boundedness and linearity, is linear provided E has a 
unit vector ^.) 

Even if E has no unit vector but S = Se still is unital, then a well-known result asserts that 
there is a number n e N such that E" has a unit vector, say, (See Skeide [|Ske09cl Lemma 
3.2] for a proof.) If T is linear, then T" : E" F" fulfills [3] without boundedness. By the 
preceding paragraph, T", and a fortiori T, is bounded by Vlk(l)ll with the same r as obtained 
from T . 

Finally, = T,nn,n : M,„(E") M,„(F") is bounded by ^/\\T\\, since M,„(E") has a unit 

vector (with entries ^" in the diagonal) and ||T,„(lm)|| = I|t(1)||. So, T'\ and a fortiori T, is 
completely bounded by ViMI- 

We still have to show the last missing statement ofTheorem ll.il We obtain it as a corollary 
of the proof of Lemma [X^ 

2.13 Lemma. Iiril,^ > ^M\■ 



Proof. Let bb* be in the unitball of S such that ||t(Z7Z7*)|| « ||t||. By the proof of Lemma [Z8l 
there exist neNmdX" e E" with < \\b\\ such that {X",X") « bb* and {T"{X"), T'\X")) ^ 
r«X",X")). So, llrll « \\{T"(X"),T'\X"))\\ < WT^f < \\T\\l,. . 
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3 CP-Extendable maps: The KSGNS-construction revisited 



In [U => |2] we have written down the (strict unital) homomorphism § : 'B"(E) 3" (Ft) in the 
form := {;(• O idg-)};* with the unitary v: E Q 3^ ^ Fj granted by the theorem in HSkelOI . 
Then we have shown that the block- wise map T := (j^ ] is completely positive, by writing it as 
H*(« O id3-)S with a diagonal map S 6 S^I^J I^jo^rj. (Recall that it was necessary to unitalize t 
if S was nonunital.) We wish to illustrate that these forms for § and T are not accidental, but it 
actually holds for all strictly CP-extendable maps T . 

Let £ be a Hilbert S-module, let F be a Hilbert C-module, and let T: S"(£) S"(F) a 
CP-map. Denote by (£, S) the GNS -construction for T. Like every Hilbert !B''(F)-module, we 
may embed £ into 'B'^{F, £ O F) by identifying X e £ with the map X Q\6p: y i-^ X O y and 
adjoint X* O idf : X' O {X,X')y. So, 7{a) = E*(a O id/r)S where a e "B^iE) acts by the 
canonical left action on the factor £ of £ O F. 

3.1 Lemma. The following conditions are equivalent: 

1. 7 is strict, that is, bounded strictly converging nets in 'B"(E) are sent to strictly converging 
nets in 'B"(F). 

2. The action of%{E) on the 'B"(E)-C-correspondence E,0 F is nondegenerate. 

3. The left action of the 'B"(E)-C-correspondence £ O F defines a strict homomorphism. 

Proof. Recall that a correspondence, by definition, has nondegenerate left action, so that id^ 
acts as identity. It is well-known (and easy to show) that [2] and [3] are equivalent for every 
!B'^(F)-C-correspondence. (Indeed, since a bounded approximate unit for %{E) converges 
strictly to id^, for a strict left action the compacts must act nondegenerately. And if %{E) acts 
nondegenerately, then this action extends to a unique action of all !B''(F) that is strict, automat- 
ically. See Lance IILan95l Proposition 5.8] or the proof of Muhly, Skeide, and Solel [|MSS06[ 
Corollary 1.20].) Recall, also, that on bounded subsets, strict and *-strong topology coincide. 
(See [|Lan95l Proposition 8.1].) 

Now, if the left action of £ O F is strict, then for every bounded net {af)^^f^ converging 
strictly to a, we have that {a a O idf )(S O y) converges to {a O id/7)(S O y), and likewise for a\. In 
other words, S*(a^ O idf )S converges *-strongly, hence, strictly to S*(a O id^ )S. So,[3]=>[Il 

Conversely, suppose T is strict, and choose a bounded approximate unit {uA)AeA for 3C(F). 
Then for every element aEOy from the total subset 'B"(E)E O «/ of £ O F, we have 

Ku^a - a)E O y\^ = {y,7((uAa - aYiu^a - a))y) — > 0, 

so that lim^(M^ O idF)(aS Oy) = lim^ w^aS O y = aEO y. This shows [T]=> [21 ■ 
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WenowdefinetheS-C-correspondence3' := E*qEqF. If lis strict so that = %(£) 

acts nondegenerately on £ O F, then the string 



EOF = spanWXeoF) = X(E)Q(EqF) = (EqE*)Q(8,qF) = Eq(E*q8,qF) = EqS" 



of (canonical) identifications proves that the map (x'x*)(X O y) x' O (x* O X O y) defines an 
isomorphism £oF^£'o5'of S"(£')-C-correspondences. To obtain the following theorem, 
we simply have to put the preceding considerations together!^ 



3.2 Theorem. Let E be a Hilbert ^-module, let F be a Hilbert C-module, and suppose that 
T: 'B"{E) "B^iF) is a strict CP-map. Then there exist a iB-C-correspondence 3" and a map 
S e "B^iF, EQJ) such that S*(« O = 7. 



3.3 Remark. For E = S so that "B^iS) = M{S), the multiplier algebra of S, this result is 
known as KSGNS-construction for a strict CP-map from B into !B"(F) (Kasparov UKasSOII ): see 
Lance [|Lan95[ Theorem 5.6]. One may consider Theorem l3.2l as a consequence of the KSGNS- 
construction applied to 7 \ %{E) and the representation theory of 'B>'^{E) from Muhly, Skeide, 
and Solel [IMSS06II . Eff"ectively, when T is a strict unital homomorphism, so that £ = jB"{F) 
andS" := E*qE,QF = E*OjF, the theorem (and its proof) specialize to [1MSS06[ Theorem 1.4] 
(and its proof). We like to view Theorem 13. 21 a joint generalization of the KSGNS-construction 
and of the representation theory, and the rapid joint proof shows that this point of view is an 
advantage. 



3.4 Observation. Like with all GNS- and Stinespring type constructions, also here we have 
suitable uniqueness statements. The GNS-correspondence £ together with the cyclicity condi- 
tion £ = span 'B"{E)E'B"{F) is unique up to (cyclic-vector-intertwining) isomorphism of corre- 
spondences. Of course, this turns over to £ O F with the cyclic map S 6 !B"(F, £ O F) as with 
Stinespring construction (as mentioned many times in the sequel of Bhat and Skeide HBSOOi 
Example 2.16] when F = // is a Hilbert space). As for uniqueness of 5", this requires fullness of 
E. Indeed, since £ O F with its action of B^iE) is determined up unitary equivalence, [|MSS06[ 
Theorem 1.8 and Remark 1.9] tell us, that 5" is unique if E is full, and may fail to be unique if 
E is not full. 

''^1 This way to construct the S-C-correspondence 5" from a 'B''(£')-23"(F)-correspondence is, actually, from 
Bhat, Liebscher, and Skeide I.BLS08. Section 3]. There, however, it is incorrectly claimed that the GNS- 
correspondence of a strict CP-map has strict left action. (This is false, in general, as the maps 1 = id-B'-iE) shows. 
The results in IIBLS08II are, however, correct, as strictness is never used for £ but always only in the combination 
as tensor product £ Q F.) For that reason, we preferred to discuss this here carefully, including also the precise 
statements in Lemma [TT] 
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3.5 Corollary. Suppose E = (^') and F = (^J. Then the strict CP-map T acts block-wise from 
'h%E) = to 'B>%F) = ""^,,7] if and only if the map S in Theorem^has 



the diagonal form H = 




We skip the simple proof. 

Now, suppose 7 = \^j ^,*) : sfjej ^"(f J ^ block- wise CP-map with strict 22-comer §. 
There is no harm in assuming that C is unital. And if S is not unital, unitalize t. For unital S, the 
extended linking algebra is 23 ''(^j and the strict topology of all comers but S"(£'), coincides with 
the norm topology. Therefore, T is strict. So, except for the possibly necessary unitalization, we 
see that the form we used in the proof [U => [2]to establish that the constructed T is completely 
positive, actually, is also necessary. (If unitalization is necessary, then is an element of a 
S-C-correspondence.) We arrive at the factorization theorem for strictly CP-extendable maps, 
which is the analogue to the theorem in Skeide HSkelOI . 

3.6 Theorem. Let IB be a unital C* -algebra and let C be a C* -algebra. Then for a map T from 
a Hilbert IB-module E to a Hilbert C-module F the following conditions are equivalent: 

1. T admits a strict block-wise extension to a CP -map T = j^f^^J jj^f^J. 

2. There exists a S-C-correspondence 3^, an element 6 5" and a map ^2 6 'B"{F, E Q 3^) 
such that r = ^2(* O ^i)- 

As for a criterion that consists in looking just at T, we reluctant to expect too much. Clearly, 
such a T must be completely bounded. By appropriate application of Paulsen [|Pau86[ Lemma 
7.1], T should extend to the operator system (" ctdfi) (£«'■(£))• But to extend this further, 
we would have to tackle problems like extending CP-maps from an operator systems to the 
C*-algebra containing it. We do not know if the special algebraic structure will allow to find a 
solution to out specific problem. But, in general, existence of such extensions is only granted if 
the codomain is an injective C*-algebra. We do not follow the question in these notes. 
We close this section with an alternative proof of|2]=>[T]of Theorem II. 3 [ 

3.7 Corollary. In the situation of\2\ of Theorem [7731 T is a T* Q T-map. 

Proof. Recall that the proof[2]=>[3]shows us that ^ is unital and strict. Unitalizing if necessary, 
we get ^1 and ^2- Since &is a unital homomorphism, ^2 niust be an isometry with ^2^2 commut- 
ing with all a O idj. Since our specific ^2 fulfills span(S"(£') O idj)^2'P'r = £ O 3^, it is unitary. 
We get \\(T"(X"), T"(X"'M = \\(X" O O < ||t|| \\(X" , X'")\f , soT*OT is bounded. ■ 

We think that it is the class of strictly CP-extendable maps that truly merits to be called CP- 
maps between Hilbert modules, and not the more restricted class of CP-H-extendable maps. 
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4 An application: CPH-semigroups 



Since Asadi draw attention to r-maps T : E ^ 'B{G,H) for CP-maps r: S ^ S(G), it is an 
open question what they might be good for. In this section, we make the first attempt to give 
them an interpretation; and our point is to interpret them as a notion that generalizes dilation of 
a CP-map t: S ^ C to a homomorphism t^: ^ "B^F). 

Suppose S is unital. Let r: S ^ C be a CP-map and denote by (5", ^) its GNS-construction. 
Then T : b ^ bi^ is already an example for a r-map from S to 5". More generally, for each 
Hilbert S-module E, the map Te,t : i-^ O ^ is a r-map E ^ E Qj. Moreover, the theorem 
in HSkelOl asserts that every r-map T : E ^ F factors through the map Te^t as T = vTe,t via 
a (unique) isometry v: E Q 3^ ^ F . li Fj = F, then y is a unitary. In other words, if E and r 
are given, then the problem of finding r-maps defined on E is pretty much determined by Te^t- 
It amounts to finding all possibilities to embed E O 3^ isometricly into a Hilbert C-module F. 
Minimal versions with Ft = F are determined up to unitary equivalence. 

In Theorem 1 1.3 1 we have learned how to check if a map T : E ^ F is a r-map for some r 
(without a priori knowing that r), provided E is full (in which case, r also is unique). Among 
the criteria there was the property that T is completely bounded and induces an (automatically 
strict and unital) left action of 'B>"{E) on Fj via aT{x) = T{ax). Starting with a r-map, if v is 
adjointable (in other words, if Fj is complemented in F), then i}: a ^ v{a Q \6j)v* is a strict 
homomorphism from 'B"{E) to 'B"(F) giving back the left action as aT{x) = §{a)T{x). Now, if 
^ is a unit vector (that is, ^) = 1) in £, we may define the representation b ^b^* of S on 
E. We find 

{vi^QO^'&i^bemQO) = {^Q^,m*Qm{^QO) = i^M) = r{b). (4.1) 
so that the following diagram commutes. 



S -C 



'B''(E) ^ 'B"{F) 

It is clear that just any quintuple (5", ^, E, v, ^) of a S-C-correspondence 5", an element ^ e 3", a 
Hilbert S-module E, an adjointable isometry v: E o3^ ^ F, and a unit vector ^ e E will do, if 
we put r := w^) and ??:=(;(• O \dij)v*. 

If also ^ is a unit vector (so that r is unital, and also v(^0^) is a unit vector), such a situation 
is called a weak dilation of the Markov map (that is, unital CP-map) r. Here weak is referring 
to that the embedding S ^S^* means identifying S with a corner in 'B''{E) (and likewise 
C ^ (^ O 0C(^ © 0*) and • = ^<^, •^)^* is just the conditional expectation onto that 
comer (and likewise for the comer of 'B>"{F) isomorphic to C). 
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What, if we do not have a unit vector in £■ or if t is not unital? Let us make two observations: 
Firstly, as long as ^ is a unit vector, the condition that the preceding diagram commutes is 
actually equivalent to the apparently stronger condition that the diagram 



S -C 



<«(fOf),.o(fO^)> 



B%E) ^ B^iF) 

commutes. For this, ^ need not be a unit vector. (In fact, substituting in (14.11) ^b^* with a, 
the same computation yields (^(^ O &(a)v(^ O ^)) = t((^, o^)), and inserting a = ^b^* gives 
back the original equation.) Secondly, in the expectation the r-map T := v{» O ^) occurs as 
{v(^ O •i>(^ O ^)) = (r(^), •T(^)). In this form, the diagram makes sense also if we replace 
the ^ on the left and the ^ on the right with an arbitrary pairs of elements of E. 

4.1 Definition. Let r: S ^ C be a CP-map. A homomorphism B^iE) ^"{F) is a CPH- 
dilation of t if £ is full and if there is a map T : E ^ F such that the diagram 



S -C 



<JC,»-v'> 



{T{x),»T(x')) 



B^iE) ^ B^'iF) 

commutes for all x, x' e E. (We do not require that S and C are unital.) If E is not necessarily 
full, then we speak of a CPH-quasidilation. A CPH-(quasi)dilation is strict if i^ is strict. A 
CPH-(quasi)dilation is a CPHo-{quasi)dilation if is unital. 

Excluding the case to have only a quasidilation, means that the dilation tells us enough 
about the dilated map r to recover it. (Without that, E may be very well {0}.) Of course, a 
CPH-dilation may be turned into a CPHo-dilation, by replacing F with 7?(id£)F. It is strict if 
and only if T^(id£)F = span i9^(X(£'))F. In a CPH-quasidilation, the diagram does not give any 
information about the component of T(x) in (??(id£)F)-^. In that case, it is convenient to replace 
T with ■&(\(iE)T and apply the following results to the latter map considered as map into ■&(\dE)F. 

4.2 Proposition. If § is a CPHo-quasidilation of a CP-map t, then every map T making the 
diagram commute is a r-map fulfilling T(ax) = &{a)T{x). 

Proof. Inserting a = id^ into the diagram, we see that T is a r-map. Also, for arbitrary a 6 
B"{E) and x,x' e E, we get {T(x),&(a)T{x')) = {T{x),T{ax')). A brief argument shows that 
this implies ^{a)T{x) = T{ax). (Indeed, on Ft := span T(E)C c F, we know we get a (strict, 
unital) representation 1^7 : 'B'^{E) 'S>"{Fj) that acts on the generating subset T{E) in the stated 
way. That is, we have {y, ■&{a)y') = (y, '&T{d)y') for all y, y' e Fj. From this, one easily verifies 
that \'&{a)y - '&T{d)y? = 0, so, d-{a)y = ■&T(a)y for all y e Ft.) m 
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Form now on we shall assume that S is unital. 



4.3 Theorem. If is a strict CPHo-dilation of a CP-map t, then every map T making the 
diagram commute is a strictly CPHo-map. 



Proof. We shall show that T = [J^ is CP, so that T is strictly CPHq. We wish to imitate the 
proof of complete positivity in the step[I]=> [2]in Section^ But we have to face the problem that 
the multiplicity correspondence of -& does no longer coincide with the GNS-correspondence of 
t; it just contains it. 

Denote by (5"^, ^) the GNS-construction for r. Doing the representation theory for the strict 
unital homomorphism we get a S-C-correspondence 3^^ : = E*OffF and a unitary v : EoS^^ 
F, x' O (x* Oy) {^{x'x*)]) such that § = v{» Q idj^)i)*. By Proposition I4.2[ one easily verifies 
that 

{x,x')^ I — > X* QT{x') 

determines a bilinear unitary from 3"^ onto E* Q Fj c J^. We shall identify 5"^ c 5"^, so that 
^ e 5",^ We have 

v{xQ{x,x")0 = v(xO(x'* OT(x")) = &(xx*)T(x") = T(x{x',x")). 

Substituting (x'.x") with an approximate unit in span(£', E) for S, it follows that T(x) = v{xO^). 

Since Fj need not be complemented in F, also 5"^ need not be complemented in 3^^. But, 
we still have a map f „.) e We find 



X 

X a 



\ 



so that 



7 * ^ 

bi Xy 



O id 



b2 X2 

x'2 aj) 



c 



b^c + {x* O \6s,j)v*y 
X o + (a O id:^^)D*j/^ 



o id 



■3« 



( \ 



= c\{t^,b\b20c2 + c\{^,b\{x2 O idjJ(;*j/2) 

+ {ix\ O idj„)y>i, Z?20c2 + O idjji>*j/i, O idjJj;*«/2) 
+ c\{x\ Q^,X2 Oc2 + cl{x\ Q ^, (a2 O \(i^„)v*y2) 

+ <(ai O \dj^)v*yi,X2 O Oc2 + {{ai O idjjt;*?/!, (a2 O \dj^)v*y2) 
= c\T{b\b2)C2 + c\{T{x2bi), y2) + {yu T{xib2))c2 + {yu'&(xix*2)y2) 
+ c\Ti{x[,x'2))c2+cl{T{a*2x\),y2) + {yuT(a\x2))c2 + {yi,d-{a\a2)y2) 

'(u 
b\ x^ 

x', a\ 
1 ^ J 



b2 X2 C2 



yx2 a2) 



Taking appropriate sums of such expressions, we see that T is completely positive. 
T need not be unique, not even up to unitary equivalence. 



18 



4.4 Example. Let F be such that F®F = F as, !B''(£')-C-correspondences. If T is good enough 
to make the diagram commute, then so is either map T, sending x to T{x) in the z-component 
of F ® F. Essentially, given r and j?, it is undetermined how Fj sits inside F and even Fj for 
different T need not be isomorphic. 

However, for full E the map T in the diagram fixes the map r. For instance, if there are maps 
T, : E ^ E that form a semigroup, a CPHo-semigroup, then also the t, constructed from each 
Tf will form a CP-semigroup, the CP-semigroup associated with the CPHo-semigroup. And 
if T{E) is "sufficiently" cyclic, then also & has not much choice what it should be. However, 
even for a single map T . E ^ E it turns out that cyclicity in the sense Ej = E h too much 
to be fulfilled. But the powers T" (not the inflations!) form a semigroup, and using the whole 
semigroup, in Theorem l4.6l we will be able to find a suitable cyclicity condition that fixes § and 
all its powers. 

For these reasons, we now switch to semigroups. We will, however, discuss rather the 
continuous time case ? e R+. The discrete case t e No is generally simpler, and creates no 
problems 

Let T = (Tf)^g,^^ be a Markov semigroup (that is, a unital CP-semigroup) on a unital 
C*-algebra S. Bhat and Skeide HBSOOII provide the following. 

• A product system E° = (^O^gR^ of ^-correspondences. That is, Eq = !B (the trivial 
S-correspondence), and there are bilinear unitaries u^j : E^ Q Ef ^ E^+t such that the 
product (Xs, y,) i-^ Xsy, := Us^t(XsOyt) is associative such that uqj and u,fi are left and right 
action, respectively, of !B = Eq on E,. 

• A unit ^ = {^t),eK^ (that is, the elements € Et fulfill ^o = 1 and ^^^t = ^s+t), such that 

and the smallest product subsystem of containing ^° is E®. (The pair (E°,^°) is 
determined by these properties up to unit-preserving isomorphism, and we refer to it as 
the GNS-construction for t with GNS-system E'^ and cyclic unit ^°.) 

• A left dilation Vt'. E Q E, ^ E of E'^ to E. That is, a Hilbert S-module E is full, and 
unitaries such that the product ix,yt) ^ xyt := Vt(x O z/,) iterates associatively with the 
product system product. 

It is readily verified that the maps : a Vt{a O idf)t;* define an Eo-semigroup (that is, 
a semigroup of unital endomorphisms) of 'S)"{E) that is strict (that is, every j?f is strictly 
continuous on bounded subsets). 

• A unit vector ^ e E such that = ^■ 
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It is readily verified that the triple (E, §, ^) is a weak dilation of r in the sense that 



In other words, if we define the projection p := 6 'S>"{E) and identify S with the 
corner fS^* = p'B"{E)p of then p&Mp = Ttipap) e 'B"iE). 

Also, the dilation constructed in HBSOOH is minimal in the sense that the subsets ^E, in- 
crease to a dense submodule of E. This means that the smallest submodule of E contain- 
ing ^ and invariant for all ■&,{^b^*), is E. Also such a minimal dilation is unique up to 
suitable unitary equivalence. 

• Only for the preceding part, it is necessary that r is Markov. The GNS-system with 
generating unit exists as long as S is unital. If S in nonunital, then still the GNS-system 
exists, but the concept of unit is undefined. 

Now, if we define T,{x) := x^,, we see that we see that the diagram 



B 



<x,.x'> 



(T,(x\^T,(x')) (4.2) 



commutes for all x,x' e E and t e R+. The special property of the dilation from HBSOOII is 
the existence of the unit vector ^ & E fulfilling = ^. But for that the diagram commutes, 
effectively just any left dilation Vt will do. For any product system E®, any unit and any left 
dilation Vt'. E O Et ^ E to a full Hilbert S-module E (so that all E, are necessarily full, too), 
the formulae r, := (^f, •^t), '&t '■= Vt(» O idf);;*, and Tt{x) := x^t provide us with a strict CPHq- 
dilation of r,. For this it is not necessary that the T( form a Markov semigroup. Of course, 
also the corresponding Tj form a (strict) CP-semigroup (which is Markov if and only if r, is 
Markov). 

4.5 Definition. An Eo-semigroup & on 'B''{E) for a full Hilbert S-module £ is a CPHo-dilation 
of a CP-semigroup r on S if there exists a CPHq- semigroup T on E making Diagram (14.21) 
commute for all f e R+. (We use all variants as in Definition 14. II ) 

If T, is not Markov, then HBSOOH provide a weak dilation to an E-semigroup (that is a semi- 
group of not necessarily unital endomorphisms). But r, cannot posses a weak dilation to an 
£'o-semigroup. On the contrary, we see that r, possesses a CPHo-dilation. All we need for that, 
is a left dilation of the product system Skeide flSke06a[ ISkeOTl ISke09bl rSke09all has shown 
in many variants (unital and nonunital C*-algebras, von Neumann algebras, with and without 
continuity conditions), that every full product system admits a left dilation, even if has no 
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unital units. Therefore, every pair (E®, of a full product system and a unit provides us with 
a CP-semigroup and CPHo-dilations. 

A Markov semigroup has a minimal weak dilation where the module E, the CPHo-semi- 
group {T,)^^^^ , and the Eo-semigroup (i?j)?eR+ determined uniquely. We now come back to 
the question of uniqueness of for general CPHo-dilations. We shall see that E itself need not 
be minimal. It is sufficient that that E° is generated by the unit and that T fulfills a cyclicity 
condition. 

4.6 Theorem. Let t be a CP-semigroup on a unital C* -algebra !B, and denote by {E°, its 
GNS-system and cyclic unit. Let E be a full Hilbert IB-module. The formula Tt = Vti* O ^i) 
establishes a one-to-one correspondence between: 

L Left dilations Vt'. E Q E, ^ E of E^ to E. 

2. CPHo-semigroups T on E associated with r fulfilling the minimality condition 

E = spM| Tt, {T,,{. . . Tr„ix)bn-i . . .)bi)bo : n 6 N, ?i + . . . + = f, Z;,- 6 S, x 6 £ ) (4.3) 
for all t > 0. 

In either case, -& with §( = Vt(» O id,)u* is the unique strict CPHo-dilation ofr with the CPHq- 
semigroup T making Diagram (14.21) commute. 

Proof. Let y, be a left dilation. Then the T,-maps Tt := Vti» O ^t) define a CPHq- semigroup T 
on E. Since 

Et = span{Z7„4 . . . bi^t,bo : n e N, ?! + ... + r„ = Z?,- e S), 

we see that 

Tt,iT,,{. . . Tt„(x)bn~i . . .)bi)bo = x^t„ ■ ■ ■ ^161^0 
is indeed total in Vt{E O E,) = E. Conversely, if T is CPHo-semigroup, we easily see that 

Vt: xO^t,,--- bi^tih I — > Tt^{Tt^{. . . TtXx)bn-i . . .)bx)bo 

defines an isometry, which is unitary if (and only if) the second condition is satisfied. Of course, 
Vt{x O ^t) = Tt{x) so that the two directions are inverses of each other. Finally, by Proposition 
1431 the &t completing Diagram (gj), fulfill &,(a)Tt{x) = Tt(ax). So, 

■&t{a)T,,(T,2(. . . Tt,Xx)b„-i . . .)bi)bo = Tt,{§t-tM)Tt2i- ■ ■ TtSx)bn~i . . .)bi)bo 

= ... = Tt,{Tt^{. . . Tt,Xax)bn-i . . .)bi)bo, 

that is,7?, = Vt(» O idf)f;*. ■ 
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4.7 Definition. A CPHo-semigroup T on a full Hilbert S-module E is minimal if it fulfills 
(14.31) for all ? e R+. We call § from the theorem the Eo-semi group associated with T . We refer 
to the pair {T, §) as a minimal CPHo-dilation of the associated CP-semigroup t. 

4.8 Observation. From Theorem I4.6[ it follows that starting with just a minimal CPHo-semi- 
group r on a full E, we get the associated CP-semigroup r (with t, := T* O Tf) and the unique 
CPHo-dilation & of r. It might be worth comparing these results with Heo and Ji HHJllL 

A minimal CPHo-dilation of a CP-semigroup t is not unique, since E to which the GNS- 
system of r is dilated, is usually not unique. But even if E is fixed, there is no unique- 
ness. Indeed, by Skeide llSke02l ISke09all . different strict ^o-semigroups on the same !B"(£') 
with the same product system E^, are cocycle conjugate. It is easy to see that two minimal 
CPHo-semigroups T and T' on the same full Hilbert S-module that extend by their associated 
£'o-semigroup to a CPHo-dilation of the same CP-semigroup r, are related by the unique local 
cocycle that intertwines T and T', and every nontrivial unitary local cocycle gives a pair that is 
not unitarily equivalent. 

We leave questions about the relation with general cocycles and CPHo-semigroups to pos- 
sibly different CP-semigroups to a detailed investigation in the future. 

Let us have a different look at Diagram (14.21) . Note that the map 51 : {x, x') ^ R^"^' := {x, •x') 
is a completely positive definite or CPD-kernel over the set E from 'S>''{E) to S in the sense 
of Barreto, Bhat, Liebscher, and Skeide [|BBLS04[ Section 3.2]; see also the survey Skeide 
HSkeim . The map Tf amounts to a transformation of the indexing set E. We may generalize 
CPH-dilation of a CP-semigroup t on S to the situation 



J^r,((r),r,(£r') 




where 6 is an endomorphism semigroup on a unital C*-algebra J?l and where 5^ is a fixed CPD- 
kernel over S from ^ to S. Note, however, that this situation is not too much more general. 
Effectively, S< has a Kolmogorov decomposition {E, x) consisting of an J?l-S-correspondence 
E and a map x . S ^ E such that 51°"'°"' = {x((t), •x{a')) and E = span ^x{S)S. 

A natural question is if Tf extends as a map E ^ E (automatically a r^-map). Another 
question is if Jl is 'B"{E). 

We also may ask, if this setting has a useful interpretation in terms of Morita equivalence. If 
Ji = "B^iE), then X{E) is Morita equivalent to S. We may say, Ti^iE) is strictly Morita equiv- 
alent to S. The CPD-kernel somehow encodes the necessary information about the Morita 
equivalence transform. How is the transform reflected in the picture of Morita equiva- 
lence? Is the Kolmogorov construction for ^T,{cr),T,{cr') ^ reasonable way contained in El 
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Of course, Morita equivalence is invertible. Is the "inverse" CPD-kemel fi from StoJl defined 
by Q^''^(b) := x'bx* of any use? 

Also answers to these questions will have to wait for future investigation. 
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